(&)

ol Gl

G5l syl ]
Chapter 2 : Basic Structures: Sets,
Functions, Sequences, Sums, and

Matrices

Lecture 9 : Exercises & Correction

Prepared by:

 Dr. Abbas Rammal
e Dr. Rabih Assaf



Exercise 9

Determine whether each of these functions is a bijection
from R to R.

a) f(x)=2x+1

b) f(x)=x%2+1

¢) f(x)=x

d fx)=x*+1/(x*+2)

Exercise 10

Suppose that g 1s a function from A to B and f 1s a
function from B to C.

a) Show that if both f and g are one-to-one functions,
then f o g is also one-to-one.

b) Show that if both f and g are onto functions, then
f o g is also onto.



Solution Exercise 9

a) Yes; All real numbers can be doubled and increased by one to equal a unique real
number.

b) No; This combination completely leaves out all negative nhumbers and zero, not to
mention it IS not one to one.

c) Yes; All real numbers can be cubed to equal unigue real numbers.

d) No; Though the domain includes all real numbers, the numerator and denominators
both output positive numbers individually, so all outputs must be positive. (Graphing the

function also reveals that it is not at all one-to-one.)



DEFINITIONS

Solution Exercise 10
The function f s one-to-one if and only if f{a)] = f({b] implies that a =b

SOLUTION for all @ and b in the domain.

The function f is onto if and only if for every element b € B there exist an

(a) Given: g: A — B is one-to-one and f : B — €' s one-to-one.
element a € A such that f{a) =b.

To proof: fog is one-to-one
Composition of f and g: (fog)la)= flgla))
PROOF

f 18 one-to-one: if flx)] = fly), then x =y
g 18 one-to-one: if g{x) = gly), then x =y

Let us assume (fog){a) = (f og)(b). Use the definition of composition:

flgla)) = flg(b))

Since [ is one-to-one:
Since ¢ is one-to-one:

By the definition of one-to-one, we have then shown that fo g is one-to-one,

[



(b) Given: g: A — B 1s onto and f: B — ' 1s onto.
To proof: f o g is onto.
PROOF

flontorYvee Cdb e B: flb)=c¢
glsonto: Yhe Bda e A:gla) =0

Let o € C'. Since f is onto, there then exists an element y € B such that:

flyy=x

Since g 15 onto, there then exists an element 2 € A such that:
g(z) =y
The composition evaluated at z is then:

(fog)z)=flglz)) = fly) ==

Thus for every element ¢ in €', there then exists an element a in A such that
{fogla) =c. By the definition of onto, we have then shown that fog is
onto.

[



Exercise 11

Find f o gand g o f, where f(x) = x* + 1 and g(x) =
x + 2, are functions from R to R.

Exercise 12

Let f(x) =ax + b and g(x) = cx + d, where a, b, c,
and d are constants. Determine necessary and suffi-
cient conditions on the constants a, b, ¢, and d so that

fog=golf.



Solution Exercise 11

DEFINITIONS

Composition of [ and g: (foglla) = flgla))
SOLUTION

Given: g: R — R and f: R — R.
flz) =2 +1

glr)=x+2

Since f and g are both functions from R to R, feog and go f are also
functions from R to R

Use the definition of composition:

(fog)x)=flg(x)) = flz+2)=(z+2)* +1 =2+ 42 +5
(9o f)lz)=g(f(z)) =g(z® + 1) =(2* + 1) + 2 =27+ 3



Solution Exercise 12

SOLUTION

Criven:
flr)=axr+b
glr)=cr+d

Use the definition of composition:

(foglz)= flglr))= flex+d) =alcr+d) +b=acr+ad + b
lgofix)=glflz))=glar+b) =clar+ b))+ d = acx + be +d
The two compositions have to be equal (feg=gof).

acr+ad + b =acx+ be +d

Subtract acr from each side of the previous equation:

ad +b=be+d

Thus the necessary and sufficient conditions on the constants is: ad + b =
be+d



Exercise 13

Let f be a function from the set A to the set B. Let § and
T be subsets of A. Show that

a) f(SUT) = f(S)U f(T).
b) f(SNT) < f(S)N f(T).

Exercise 14

Let f be the function from R to R defined by

f(x) = x%. Find

a) fTI{1)). b) f7I({x 10 <x <1}
o) fT({x x> 4.



Solution Exercise 13

SOLUTION

(a)Given: f: A FBFandSC Aand TC A4
To proof: f(SUT) = f(S)Uf(T)

PROOF

FIRST PART Let x € f(S U T). Then there exists an element y € S 0T
such that f{y) = xr. By the definition of the union:
ye SvyeT

f({5) contains all elements that are the image of an element in S.
f({T) contains all elements that are the image of an element in T

fly) e IS}V fly) € fIT)

Since fly) ==
re fiS)vee f(T)

By the definition of union:

r e fS)ULT)
By the definition of subset: f{SUT) C f(S5) L f(T).



SECOND PART Let x e f{(S) U f(T). By the definition of the union:

re f(S)vze f(T)
Then there exists an element y € S or y € T such that fly) = x.

ye SvyeT

By the definition of union:

ye ST
fIS UT) contains all elements that are the image of an element in ST,

fly) e FISUT)
Since fly) ==

re f(SuUT)
By the definition of subset: f(S)U f{T)C fISUT).

CONCLUSION Since f(S)UA(T)C fISUT) and fISUT)C fIS) L FT),
the two sets have to be equal:

FISJUAT) = ISUT)



(b) Given: f:Ad—-BandSCTAandT C 4
To proof: fISNT) C AISINf(T)
PROOF

Let x € f(SNT). Then there exists an element y € SN7T such that fly) = =.
By the definition of the intersection:
ye SayeT

F(5) contains all elements that are the image of an element in S.
F(T) contains all elements that are the image of an element in 7.

fly) € fS) A fly) € fT)

Since fly) ==
re flS)anze fIT)

By the definition of intersection:

z e f(S)NflT)

By the definition of subset: f{SNT) C f{S)n f(T).
O



Solution Exercise 14

Given: f:R —+ R

flz) =2°
(a) f~1{{1}) contains all elements of R that has as image 1.
flz) =1
Since flx) = z*
=1

Take the square root of each side of the equation (note: the square root can
be negative or positive).

r=+y1=+l1
f~41) thus contains —1 and 1.

F71) = {-1.1)



(b) f~Y({x|0 < x < 1}) contains all elements of R that has as image a real
number between [ and 1.
0< flz) <1

Since f(r) = x°

0< <1

The square z2 is less than 1 if = is between -1 and 1.

The square =2 is more than 0, when = is not equal to 0.

(—l<z<1)a(xF#F0)
F~Y{x|0 < = < 1}) thus contains all real numbers between —1 and 1. except
for 0.
f‘l{{.ﬂﬂ <r<lb)={z|(-1<z<1)a(z#0)}
Or equivalently: f~'{zl0 <z <1})={z](-1<z<0)v (0<z <1)})}



(c) f~Y{z|lx > 4}) contains all elements of R that has as image a real
number greater than 4.

flz) >4
Since f(x) = x°

2 >4

The square x° is more than 4 if = is more than 2 or  is less than —2 (since

22 — 1 = (-2)2).

(r<-2)v(z>2)

f~Y{xlz = 4}) thus contains all real numbers smaller than —2 and larger
than 2.

F(xlz > 4}) = {al(z < ~2) v (= > 2))



Exercise 15

| Find the Boolean product of A and B, where

1 00 1 _(1) (1)_
A=|0 1 0 1 and B=
1 1 1 1 bl
1 0_
Exercise 16
Let
1 0 1 0 1 1
A=|1 1 O and B=|[1 0 1
0 0 1 1 0 1
Find



Solution Exercise 15

==
et b
el

o b
AsnB= |0 1 :
11 1 1
- 1 0]

(LAY (0A0)V(0AT)V(IAT) (1A0)V(DAL)YV(0AT)V(1AD)

(1AL (1A0)V{IAT)V(IAT) (1A0)V(IAL)V(1AT)V(1AD)

RRRIRTIRYA Dvﬂvﬂuﬂw
= 0vovowl Ov1lwviOwl
lwilwlwl ﬂulvluﬂ

I

b 1J

= [0AL)V (1A0)V(DAT)V (1AT) {uau}u{lm}u{umw{mu}}



Solution Exercise 16

Griven: - ~
1 O 1

A= 1 1 0O

o o0 1

(0 1 1]

B= ;1 0 1

1 0 1]

(a) Av B takes the disjunction of each element of A with the corresponding
element (same row and same column) of B .

{1 w0 0wl 1w 1]
AvB={1v1l 1v0 0wl
Lﬂvl Dwvo 1w 1J

biw ba s equal to 1l if by =1 or b =1 (else by v b2 is equal to 0.

1 1 1
= |1 1 1
1 0O 1



(¢} The ijth element of the Boolean product A @ B takes the disjunction
of all conjunctions of corresponding elements A and B in the ith row of A
and in the jth column of B.

(1A V(DAL V(IAL) (TAL)V(0AD)V(IAD) (TAT)V(0AT)V(IATL)
AcB = {{mu}u{mnu{mn (1AL (1AD)V(0AD) (TAT)V(1AT)V(0ATL)
0AD) V(DAL V(IATL) (0AL)V(0AD)V(LAD) (D0AT)V (0AT)v(IATL)

by A ba 1s equal to 1 1f by = ba = 1{else by A b2 15 equal to 0).

= |0v1iv0 1wvOv0 1wlwo
Owvowl OvOv0 OwvOwl

byvbawbyglsequalto Tif by =1orbs =10rby =1 (else by wvbsvbgis
equal to 0).

rw}vl 1wvOwvi lvuvl}



(b) A B takes the conjunction of each element of A with the corresponding
element (same row and same column) of B .

Lal0 O0a1 141
ILal 1A0 Oal
O0~1 0A0 1TA1

ArnB=

by A ba 1s equal to 1 if by = b = 1{else by A b2 1s equal to 0).

oo
hﬁﬂlJ

Exercise 17

Let

C ==
- O

o =0
L 1

Find
a) Al2l b) AL
c) AV AR A



Criven:

N

h 1 ﬂ

(a}) AP is the boolean product of A with itself, thus A @ A.

The 7jth element of the Boolean product A & B takes the disjunction of all
conjunctions of corresponding elements A and B in the ith row of A and in
the jth column of B.

A —AmA
(IADVOALV0AD) (1A0)V(0ADIV(0AT) (LAO)V (DALY (0AD)
= (1A VOALV(IAD) (1A0)V(0AD)V(TAT) (TAO)V(DAL) YV (1A0)
(OAT)V(LAL)V(0AD) (DAO)V(LAO)V(DAT) (0AD) V(1AL}V (DAD)

by A b2 is equal to 1 if by = b = 1{else by A b2 1s equal to 0).
[luﬂuﬂ DwiwD ﬂvﬂwﬂ

= [1vOvD 0vOvl 0vOvD
buluu DvOvo uuluﬂ

bywbawbsisequalto Tif by =1lorba =1o0rbs =1 (else by vbavbsis
equal to 0).



(b)APF! is the boolean product of APl with A, thus AP @ A

The #jth element of the Boolean product A = B takes the disjunction of all
conjunctions of corresponding elements A and B in the ith row of A and in
the jth column of B.

APl = Al o A

ﬁmnu{umw{uam (LAD)V(0A0)V(DAT) {lﬂﬂ}u{ﬂhl}umﬂﬂ}]
= 1ALV ATL)V(DAD) (LAO)V({LAD)V(0AT) (LAD)V(LAL)V(DAO)
hmuu{umw{mu} (1AD)v(0A0)V(1AT) {1au}u{um}u{muﬂ

by A ba 18 equal to 1 1f by = ba = 1{else by A ba 18 equal to ).

lvliwv0 OvOwvD Owv1wo
Ilvowv0 OvOwvl OwvOwO

bywbawbgisequalto Tif by =1orby =10rby =1 (else by vbywbgis
equal to 0).

[hﬂ]vu 0w 0w uuuuu]



(c] Av B takes the disjunction of each element of A with the corresponding
element (same row and same column) of B .
1 00
v [T 0 1
1 1 0

1 0 0 1 0 0
AvAalyabBl— 1 0 1wl 1 0
{lulul 0w 0w ﬂuﬂuﬂ}

o1 0 1 01
1vlwl OwvlwvD 1wiOwl
Oviwvl 1wOwvl OwlwO
by ba s equal to 1 if by =1 or ba =1 {else by v bs 1s equal to 0},
{1 (0 D-‘
1 1 1

2[1 1 1J



